Abstract. Let N be a complete, homogeneously regular Riemannian manifold of dimN ≥ 3 and let M be a compact submanifold of N . Let Σ be a compact orientable surface with boundary. We show that for any continuous f : (Σ, ∂Σ) → (N, M ) for which the induced homomorphism f * on certain fundamental groups is injective, there exists a branched minimal immersion of Σ solving the free boundary problem (Σ, ∂Σ) → (N, M ), and minimizing area among all maps which induce the same action on the fundamental groups as f . Furthermore, under certain nonnegativity assumptions on the curvature of a 3-manifold N and convexity assumptions on the boundary M = ∂N , we derive bounds on the genus, number of boundary components and area of any compact two-sided minimal surface solving the free boundary problem with low index.
introduction
Let M be a closed submanifold of a Riemannian manifold N. A branched immersion u : (Σ, ∂Σ) → (N, M) of a surface Σ with nonempty boundary ∂Σ is a minimal surface with free boundary in M if u(Σ) has zero mean curvature and u(Σ) is orthogonal to M along u(∂Σ) ⊆ M. In this article, we study the free boundary problem for minimal immersions of compact bordered Riemann surfaces. The purpose is twofold. In the first part, we prove a general existence theorem for compact bordered Riemann surfaces of any topological type in complete Riemannian manifolds, assuming certain incompressibility conditions. In the second part, we investigate controlling the topology of free boundary minimal surfaces of low index in 3-manifolds, under certain nonnegativity assumptions on the curvature and convexity assumptions on the boundary of the 3-manifold. Our existence result is: Theorem 1.1. Let N be a complete, homogeneously regular Riemannian manifold of dimN ≥ 3 and let M be a compact submanifold of N. Then, (i) if Σ is a compact, connected orientable surface of genus g and with k ≥ 1 boundary components that is not a disk, and f : Σ → N is a continuous map with f (∂Σ) ⊂ M such that
is injective, then there exists a branched minimal immersion (Σ, ∂Σ) → (N, M) solving the free boundary problem, and minimizing area among all maps (Σ, ∂Σ) → (N, M) that induce the same action as f on the fundamental groups; (ii) there exists a set of free homotopy classes {Γ j } of closed curves in M such that the elements {γ ∈ Γ j } form a generating set for ker i * acted on by π 1 (M), where i * : π 1 (M) → π 1 (N) is the homomorphism induced by the inclusion, and each Γ j can be represented by the boundary of an area minimizing disk that solves the free boundary problem.
The disk case, part (ii) of the above theorem, was already proved by Ye [25] by a different method. Existence results for disk-type solutions in various settings have been studied by Meeks and Yau [17] , Jost [8, 9, 10] , Struwe [23] , Kuwert [11] , Fraser [5] , among others. Embedded free boundary solutions of prescribed topological type in 3-manifolds with mean convex boundary were produced by Jost [9] assuming a Douglas type condition. Recently M. Li [12] proved existence of embedded solutions of controlled topological type in 3-manifolds with no convexity assumption on the boundary.
We take the Sacks-Uhlenbeck approach of working with the perturbed energy. The analytic foundation is already established in the interior [20] and in the boundary [5] settings. Following the ideas of Schoen-Yau [22] and Sacks-Uhlenbeck [21] for closed surfaces, for each conformal structure on the bordered surface we produce an energy-minimizing map which induces the same action on the fundamental group as a given continuous map f : (Σ, ∂Σ) → (N, M), and then we minimize over all conformal structures to produce a branched minimal surface. The key point is to understand the limiting of the conformal structures in the boundary setting. The incompressibility assumptions on the fundamental groups prevent degeneration in the limiting of the conformal structures, in the form of pinching of an interior or boundary circle or of a curve connecting two boundary circles.
When the ambient manifold has positive curvature, there are some strong restrictions on the topology of stable or index one minimal surfaces. In the second part of the paper, we investigate the relationship between the topology of free boundary minimal surfaces and the geometry of the ambient manifold, such as nonnegativity of the curvature and convexity of the boundary, by means of the second variation formula. One of the reasons we are interested in understanding the topology of minimal surfaces in a Riemannian manifold is because it provides information about the ambient manifold (e.g. see [24] ).
For closed minimal surfaces in 3-manifolds of positive Ricci curvature, it is conjectured that there should exist a bound on the genus of any minimal surface in terms of its Morse index, and it is known that any index 1 surface must have genus at most three ( [19] ). For minimal surfaces with free boundary in 3-manifolds with nonnegative Ricci curvature and weakly convex boundary, we obtain a bound on the genus and number of boundary components of any index 1 free boundary minimal surface. Also, there is a bound on the area of stable or index 1 solutions in terms of the topology of the surface and a positive lower bound on the ambient scalar curvature. Now we state the theorem. Theorem 1.2. Let N be a 3-dimensional Riemannian manifold with smooth boundary ∂N. Suppose Σ is a compact orientable two-sided surface of genus g and with k ≥ 1 boundary components, solving the free boundary problem (Σ, ∂Σ) → (N, ∂N).
(i) Suppose Ric(N) ≥ 0 and ∂N is weakly convex. If Σ has index 1, then:
(ii) Suppose the scalar curvature R(N) ≥ 0 and ∂N is weakly mean convex. If Σ is stable, then Σ is either a disk or a totally geodesic and flat cylinder. If Σ has index 1, then:
(iii) Suppose N has scalar curvature R ≥ R 0 > 0 and ∂N is weakly mean convex. a) if Σ is stable, then it is a disk and Area(Σ) ≤
M. Li [13] proved an area bound and rigidity result for free boundary minimal surfaces in strictly convex domains in R 3 . These area estimates are free boundary analogs of the area estimates for closed stable and index 1 minimal surfaces in 3-manifolds of positive scalar curvature of Marques and Neves [15] . The rigidity result for stable surfaces in part (ii) can be viewed as the free boundary analog of results of Schoen and Yau for compact ambient manifolds ( 
Existence of minimizing harmonic maps in a conjugacy class
Throughout this paper the terms "fundamental group" and "relative fundamental group" will implicitly refer to some base point * . Since the isomorphism class of the fundamental group of a path-connected space is not affected by the choice of basepoint, without ambiguity, we will write π 1 ( · ) and π 1 (· , ·) while omitting the base point.
Any continuous map f gives rise to a homomorphism f * : π 1 ( · , * ) → π 1 ( · , f ( * )), which we will call the induced map of f . We shall say two maps f and g induce the same action on the fundamental group, if there exists a path λ from f ( * ) to g( * ), such that f * = λ −1 * • g * • λ * , or equivalently, if f * and g * represent the same homomorphism after identifying the fundamental groups with different base-points through an isomorphism
In this case, we will briefly say f * is conjugate to g * and will write f * ∼ g * for short. Finally we recall that the relative fundamental group π n (X, A, * ) for a triple { * } ⊂ A ⊂ X, is a group only for n ≥ 2. When n = 1, it is the set of homotopy classes of paths from the base point * to a varying point in A.
Let N, M and Σ be as defined in Theorem 1.1. Given a continuous map f : Σ → N with f (∂Σ) ⊆ M, denote by f * the induced homomorphism as indicated in each of the following situations:
We will use the terminology "the conjugacy class of f * " to denote the set of maps for which the induced homomorphisms on the above fundamental groups are conjugate to f * . Suppose a conformal structure on Σ is fixed, a Riemannian metric compatible with this conformal structure is given, and this metric defines an area element dµ. Let N ֒→ R K be a C ∞ isometric embedding for sufficiently large K. Set
For α > 1, we define the α-energy
on the admissible space
Note that by the Sobolev embedding theorem, each u in W 1,2α (Σ, N) is continuous.
Proposition 2.1. E α attains the infimum at some u α ∈ W α , ∀α > 1. N) . So u α is in W α . Now from the lower semi-continuity of the α-energy, we have E α (u α ) = I α .
Next we consider the convergence of a sequence of critical maps of E α as α → 1. Notice that for a sequence of minimizing maps u α of E α we have a uniform energy bound. Let f 0 be a smooth map in the homotopy class of f , which exists since
Then for α ∈ (1, 2), we get that the energy of u α is uniformly bounded as
Since N is allowed to be noncompact, we impose suitable conditions on N. A complete Riemannian manifold N is homogeneously regular if its injectivity radius is bounded from below and its sectional curvature is bounded (see [16] p. 623, [18] ). With this condition, and the assumption that the boundary of the surface lies in a compact submanifold of N, we can derive the main estimate for critical maps of the α-energy at interior points of Σ in a similar manner as in the case of closed surfaces in compact manifolds (Proposition 3.2 of [20] ), as for the free boundary problem in [5] (Proposition 1.7). We then have the following convergence result for critical maps of small energy.
We can now deduce global convergence of critical maps of the α-energy away from a finite number of points.
Then there exists a finite set of points
is a smooth harmonic map satisfying the free boundary condition. Furthermore, when Σ is not a disk, if each u α induces the same action on the fundamental group as f , then so does u.
Proof. The convergence part is Theorem 4.4 in [20] and Theorem 1.15 in [5] . We need only verify that the induced map of u α on the fundamental group is preserved in the limiting process, regardless of a finite set of points where bubbling may occur.
Choose, as generators of π 1 (Σ), k + 2g loops through a base point * in Σ such that all of these curves {γ j } stay away from the points {z 1 , · · · , z l } where the C 1 convergence fails. Since
is homotopic to u(∪ j γ j ) for α sufficiently close to 1. It follows that there exists a path connecting u α ( * ) and u( * ) such that u α (γ j ) can be deformed to u(γ j ) along the same path for each j. Therefore by definition, u induces the same action as u α , and thus f on π 1 (Σ). On the other hand, π 1 (Σ, ∂Σ) is the set of free homotopy classes of paths from a fixed point * ∈ ∂Σ to a varying point on ∂Σ, and for each class a representative can be chosen away from the points {z 1 , · · · , z l }. Therefore u induces the same action as u α for α sufficiently close to 1, and thus f on π 1 (Σ, ∂Σ).
Remark. When Σ is a disk D, to show the action on π 1 is preserved in the limit, the argument above cannot be applied as a blowup point may be on a generator of π 1 (∂D), and we need a different argument. See Section 4.
The convergence may fail at a finite number of interior or boundary points, where bubbling occurs. Thus the homotopy class of {u α } can be altered in the limiting process. However, under stronger conditions on the topology of N and M, we obtain the existence of a harmonic map in any homotopy class. This can be interpreted as the free boundary analog of Theorem 5.1 in [20] . Proof. Let u α be a minimizing map of E α in a fixed homotopy class of f for a sequence α → 1. Then {u α } has uniformly bounded energy by the note after Proposition 2.1. By Theorem 2.4, there exists a subsequence such that
is a smooth harmonic map satisfying the free boundary condition. We claim that under the topological assumptions of the theorem, u α → u in C 1 (Σ, N). At each point z i where the C 1 convergence fails, center a small disk D ρ in Σ about z i of radius ρ, where ρ is small enough so that z j / ∈D ρ for j = i. First, assume z i is an interior point, and choose ρ small enough so that D ρ ∩ ∂Σ = ∅. Let η(r) be a smooth function that is 1 for r ≥ 1 and 0 for r ≤ 1 2 , and as in [20] Theorem 5.1, define a modified map u α by
, where exp is the exponential map on N. Then u α agrees with u α outside D ρ and with u on D ρ/2 , and u α → u in C 1 (D ρ , N). By assumption, π 2 (N) = 0 and so u α and u α are homotopic.
If z i is a boundary point, let A ⊂ ∂Σ be the segments of the intersection of ∂Σ with the annulus { ρ 2 < |z| < ρ}. For the map defined in (2.1), u α (A) may not lie in M, however we can modify the map so that it does satisfy the boundary condition. Since u α → u in C 1 onD ρ − D ρ/2 and u(∂Σ) ⊂ M, we may choose a neighborhood Ω α of A inD ρ − D ρ/2 that lies in a tubular neighborhood of ∂Σ and so that the nearest point projection from ∂Ω α ∩ int(Σ) to ∂Σ is one-to-one, such that u α (Ω α ) lies in a tubular neighborhood of M in N, with |Ω α | → 0 as α → 1. On Ω α , we redefine u α to map each geodesic segment between a point z of ∂Ω α − A and its nearest point in ∂Σ proportionally to the geodesic segment in N between u α (z) and its nearest point in M. This modified u α is piecewise smooth since u, u α , the exponential map, and the nearest point projection maps are smooth. Moreover, since u α → u in C 1 onD ρ − D ρ/2 , |∇ u α | is bounded independent of α on Ω α , and since |Ω α | → 0 we have lim α→1 E α ( u α | Ωα ) = 0. Finally, since u α = u α on the half circle {|z| = ρ}, the assumption π 2 (N, M) = 0 implies that there exists a homotopy between the disk
Hence the two disks bound a 3-dimensional disk in N and there exists a homotopy between u α and u α relative to the half circle {|z| = ρ}, mapping the boundary
Therefore in either case, whether z i is an interior or boundary point of Σ, we have defined a map u α homotopic to u α such that
Choose ρ sufficiently small so that πρ 2 u 2 1,∞ < ǫ/2, where ǫ is as in Lemma 2.3. Then for α sufficiently close to 1, we have E(u α | Dρ ) < ǫ and by Lemma 2.3,
and u is in the same free homotopy class as f .
We will need the following convergence result for harmonic maps with respect to varying conformal structures on Σ. Theorem 2.6. Let u i : (Σ, ∂Σ) → (N, M) be a harmonic map satisfying the free boundary condition for a conformal structure c i on Σ, where Σ is not of disk type. Suppose c i converges to a conformal structure c in the C ∞ -topology and E(u i , c i ) ≤ B. Then there exist a subsequence {u i } and a finite set of points
is a smooth harmonic map satisfying the free boundary condition, and E(u, c) ≤ lim inf i→∞ E(u i , c i ). Furthermore, if each u i induces the same action on the fundamental group as f , then so does u.
Proof. The convergence for varying conformal structures on a closed surface lying in a bounded set is shown in [21] Theorem 2.3, and the argument carries through for bordered surfaces. The argument that the induced map of u i on the fundamental group is preserved in the limiting process is as in the proof of Theorem 2.4 above.
Minimal surfaces of non-disk type
Recall that the Euler characteristic of a surface of genus g with k boundary components is χ(Σ) = 2 − 2g − k. On the disk D, there is only one conformal structure, and any smooth harmonic map u : D → N with u(∂D) ⊂ M and meeting M orthogonally along u(∂D) is conformal, and hence a branched minimal immersion. When Σ is not a disk, that is when χ(Σ) ≤ 0, in order to produce a branched minimal immersion, we must vary the conformal structure on Σ. Let M(Σ) denote the space of conformal structures on Σ with the C ∞ -topology. Given a conformal structure c ∈ M(Σ), let g be a Riemannian metric compatible with c and dµ be the area element induced by g. We then consider
By virtue of the conformal invariance of the energy functional, this is independent of the choice of the metric g and is well-defined. We note that E(·, c) is lower semicontinuous in u, and E(u, ·) is continuous in c.
For each conformal structure c we have produced, by Proposition 2.1 and Theorem 2.4, when Σ is not a disk, a smooth harmonic map u c in the admissible space
, f * can be defined as in section 1, Schoen-Yau [22] ). Now we define a functional on the space of conformal structuresĒ :
Proof. Let c i → c be a sequence of conformal structures. SupposeĒ(
By Theorem 2.6 there exists a further subsequence, which we continue to denote by {u i k }, and u 0 ∈ W f such that E(u 0 , c) ≤
Suppose inf
is attained at c ∈ M(Σ). Let u be a minimizing harmonic map with respect to c. Then for any pair (u
The relationship between such a minimizing pair and the minimal immersion problem is illustrated in the following (c.f. Theorem 1.8 [20] and Corollary 1.5 [21] ).
Proof. Any variation of the metric arises from a composition of a conformal change in the metric, and a curve in M(Σ). Hence by the conformal invariance of E, the fact that c is a critical point of E(u, ·) on M(Σ) implies that E is critical with respect to any variation of the initial metric induced by c. The computation of Sacks and Uhlenbeck ( [20] , p.6) shows that u is weakly conformal in the interior of Σ. Then by Gulliver-Osserman-Royden [6] , u is a branched minimal immersion. 
where u c i denotes a minimizing harmonic map for c i which induces the same action as f . Therefore,
. By Theorem 2.6, there exists a subsequence u i k such that u i k → u in C 1 on Σ minus a finite set of points, and since φ *
For sufficiently large k, u•φ induces the same action as f . Then we havē
where the first equality is by conformal invariance of the energy, the second inequality is by (3.2), the second equality is by (3.1), and the third equality follows since {c i k } is a minimizing sequence ofĒ. Thereforē
This proves the existence of a minimizing conformal structure. In fact, for all large k, (φ
Thus by Theorem 3.2, Corollary 3.3 and Lemma 3.4, the minimal area problem is reduced to the convergence problem in the moduli space R(Σ). We will now prove part (i) of Theorem 1.1. Throughout we let {c i } be anĒ-minimizing sequence of conformal structures, and u i will denote a minimizing map for c i , with E(u i , c i ) < B.
I. Σ is not a cylinder.
Assume that Σ is a surface with χ(Σ) < 0. For each conformal structure c i in the minimizing sequence, consider the doubled conformal surface. Applying the compactification theorem of the moduli space of conformal structures for the closed doubled conformal surfaces (Lemma 4 of Abikoff [1] ), there is a subsequence of {c i } (which we continue to denote by {c i }) and there are diffeomorphisms φ i of Σ such that either φ * i c i → c in C ∞ or, (Σ, φ * c i ) converges to a Riemann surface with nodes Σ ∞ corresponding to pinching a set of homotopically nontrivial simple closed curves in the doubled surface to nodes w m , m = 1, . . . n. In the first case, by Lemma 3.4 we are done. In the second case, we have curves γ m in Σ which are pinched, each of which is either a closed curve (possibly a boundary component) or a curve between two boundary components of Σ (corresponding to a closed curve in the doubled surface that crosses ∂Σ, and must be reflection invariant across ∂Σ). We may then argue as in [21] (which may be boundary points) corresponding to each node w m ∈ Σ ∞ resulting from the pinching of a closed curve inside Σ or a closed curve in the doubled surface that crosses ∂Σ. Now let γ be a curve homotopic to γ m , for any fixed m between 1 and n, chosen to lie in D m j for j sufficiently large and so as not to contain any of the points p 1 , . . . , p ℓ . Since γ ⊂Σ ∞ is homotopically trivial (either as a closed curve or a relative curve between boundary components) it follows that u(γ) is homotopically trivial. But lim i→∞ u
i (γ) is homotopically trivial for i sufficiently large. Since γ is homotopically nontrivial in Σ, this contradicts our assumption that the induced map on the fundamental groups is injective. Therefore the second case cannot occur.
II. Σ is a cylinder.
A cylinder with a conformal structure can be represented by a parallelogram spanned by the vectors (1, 0) and ξ in R 2 with sides corresponding to one of the two generators identified. Two cylinders given by ξ 1 , ξ 2 , with the same corresponding sides identified, represent conformally equivalent cylinders if ξ 2 = τ ξ 1 for some τ ∈ PSL(2, Z).
Given our minimizing sequence of conformal structures ξ i , and associated minimizing harmonic maps u i , there exist elements τ i ∈ PSL(2, Z) such that τ i ξ i lies in the fundamental domain of PSL(2, Z). If Im(τ i ξ i ) ≤ b < ∞ for all i, then a subsequence of {τ i ξ i } converges to η, and by Lemma 3.4 we are done.
Otherwise, suppose that
We consider the following two cases: a) If the sides corresponding to η i are identified, then on any cylinder S 1 × [0, κ) we can find a subsequence of {v i } which converges in
Since κ was arbitrary, using a diagonal sequence argument as above, we obtain a harmonic map v : 
We have proved part (i) of Theorem 1.1.
Minimizing disks
Now we prove part (ii) of Theorem 1.1, that there exists a set of free homotopy classes {Γ j } of closed curves in M such that the elements {γ ∈ Γ j } form a generating set for ker i * acted on by π 1 (M), where i * : π 1 (M) → π 1 (N) is the homomorphism induced by the inclusion, and each Γ j can be represented by the boundary of an area minimizing disk that solves the free boundary problem (D, ∂D) → (N, M). We will need the following lemma. Proof. Writing u = u(z,z), we have |∇u| 2 = |u x | 2 + |u y | 2 = 4u z · uz and
Given a complex number β, let
Let β(t) be a differentiable curve in C with
Then ϕ t = ϕ β(t) is a family of automorphisms of the unit disk, which map the boundary to the boundary. Now we define a variation of u by
Then we have ∂w ∂z
(1 +βw) 2 , and using β(0) = 0, we compute
We have:
We compute ∂w ∂z
, and ∂ ∂t ∂w ∂z
Using this and (4.2), we have
Since β ′ (0) is arbitrary, we get (4.1).
Corollary 4.2. Let u α be a sequence of critical maps of E α for a sequence α → 1.
where p ∈ ∂D, and each u α is nontrivial, then u is not a constant map.
Proof. From (4.1), taking the imaginary part, and using the fact that D y dxdy = 0, we have
Note that the integrand is similar to that in the variation formula for the sphere derived in Sacks-Uhlenbeck (Lemma 5.3, page 20, [20] ). Thus by the same argument, we have for 1 ≤ α ≤ 2,
Without loss of generality, we can assume p is the point (0, 1) ∈ ∂D ⊂ R 2 . Dividing D into the upper half disk D + and the lower half disk D − , we have
Assume u is a constant map. Then u α cannot converge to u in C 1 (D, N) (Theorem 1.8 in [5] ). Therefore p is a blowup point: that is (by Lemma 1.16 and p. 957 in [5] ),
where lim α→1 z α = p. Consider the rescaled mapsũ α (z) = u α (z α + b −1 α z). As α → 1, the domains ofũ α exhaust either the whole plane or a half plane, and (a subsequence) {ũ α } converges in C 1 on compact subsets to a nontrivial harmonic mapũ. If D R (0) denotes the disk of radius R centered at the origin in the plane or the half plane, then we have
where the first equality is by the conformal invariance of the energy functional, the second equality follows since b α → ∞, in the second inequality we have used y > 1 2
on D R/bα(zα) , and the last equality follows since u is a constant map and u α → u in C 1 on D − , so |∇u α | 2 → 0 uniformly. This contradicts the fact thatũ is nontrivial. Therefore u is not a constant map. Now we come back to the specific setting of minimizing disks. Given a basepoint
be the homomorphism induced by the inclusion i of M in N. Recall that two elements γ and γ ′ in π 1 (M, x 0 ) determine the same free homotopy class of closed curves in M if and only if they belong to the same orbit π 1 (M, x 0 )γ = π 1 (M, x 0 )γ ′ under the usual action of π 1 (M, x 0 ) on π 1 (M, x 0 ). That is, the set of free homotopy classes of closed curves in M is in one-to-one correspondence with the set of orbits π 1 (M, x 0 )γ ⊂ π 1 (M, x 0 ) (for further details see [20] p.19). Given an element γ in ker i * , let Γ be its associated free homotopy class. Let
where we use the notation [u(∂D)] for the free homotopy class of u(∂D), and define
Note that E(Γ) = 0 if and only if Γ is trivial, and E(Γ) > ǫ 0 otherwise ([5] Theorem 1.8).
Lemma 4.3. Let γ ∈ ker i * and let Γ = π 1 (M, x 0 )γ be its associated free homotopy class. Then either Γ can be represented by the boundary of an area minimizing disk solving the free boundary problem, or for any δ > 0 there exist nontrivial free homotopy classes 
Choose ρ sufficiently small so that E(u| B ) ≤ u 
, and (4.
3)
where the last inequality follows since {u α } is a minimizing sequence for E(Γ). We may assume δ <
≥ ǫ for α close to 1, and so
Therefore Γ 1 = Γ and Γ 2 is nontrivial. It remains to show that Γ 1 is nontrivial. For α sufficiently close to 1, we havẽ
If u is nontrivial then E(u) ≥ ǫ 0 ([5] Theorem 1.8), and sõ
If u is trivial, by Corollary 4.2 there must be a second point p ′ = p where the convergence u α → u fails, and p ′ ∈ ∂D − B. Then by Lemma 2.3,
≥ ǫ for α close to 1. In either case, we haveẼ α (u 
Therefore, Γ 2 = Γ and Γ 1 is nontrivial. Theorem 4.4. There exists a set of free homotopy classes {Γ j } of closed curves in M such that the elements {γ ∈ Γ j } form a generating set for ker i * acted on by π 1 (M, x 0 ), and each Γ j can be represented by the boundary of an area minimizing disk that solves the free boundary problem.
Proof. Let {Γ j } be the free homotopy classes that can be represented by the boundary of an area minimizing disk that solves the free boundary problem. Let P ⊂ ker i * be the subgroup generated by γ ∈ Γ j . Suppose P is a proper subgroup. Let I = inf E(Γ) over all free homotopy classes Γ with elements γ ∈ Γ, γ / ∈ P . Then there exists Γ such that E(Γ) < I + ǫ 0 /2.
By assumption, Γ cannot be represented by the boundary of an area minimizing disk that solves the free boundary problem, and so by Lemma 4.3 there exist nontrivial Γ 1 and Γ 2 with π 1 (M,
Since Γ 1 and Γ 2 are nontrivial, E(Γ j ) ≥ ǫ 0 for j = 1, 2. This implies E(Γ j ) < E(Γ) − ǫ 0 /2 < I. Therefore, by assumption the sets π 1 (M, x 0 )γ j are both in P , and so
a contradiction. Therefore P = ker i * , and so the elements {γ ∈ Γ j } form a generating set for ker i * acted on by π 1 (M, x 0 ), such that each Γ j can be represented by the boundary of an area minimizing disk that solves the free boundary problem.
Topology of minimal surfaces of low index
Let N be a compact 3-manifold with smooth boundary ∂N. Suppose Σ is a compact orientable two-sided minimal surface in N with boundary ∂Σ in ∂N solving the free boundary problem (Σ, ∂Σ) → (N, ∂N). We will investigate controlling the genus and the number of boundary components of Σ for stable and index 1 minimal surfaces, under certain curvature and boundary assumptions on N.
Let A denote the second fundamental form, and ν denote the unit normal vector field of Σ in N. Let η denote the outward unit conormal of Σ and T the unit tangent vector along ∂Σ. The index form is the quadratic form
for any normal variational vector field f ν. The index of Σ is defined as the number of negative eigenvalues of the associated bilinear form. A function f ∈ W 1,2 (Σ, R) is an eigenfunction of the index form with eigenvalue λ if I(f, g) = λ f, g L 2 for all g ∈ W 1,2 (Σ, R):
Proof of theorem 1.2. Let Σ be a solution to the free boundary problem (Σ, ∂Σ) → (N, ∂N) . Choose a local orthonormal frame {e 1 , e 2 , e 3 } along Σ such that e 1 = T is the positively oriented unit tangent vector and e 2 = η is the outward unit conormal along ∂Σ, and e 3 = ν is the globally defined unit normal to Σ. For 1 ≤ i < j ≤ 3, let R ijij denote the sectional curvature of N for the section e i ∧e j . Let R = R 1212 +R 1313 +R 2323 be the scalar curvature of N, and let
be the Ricci curvature for e 3 = ν. Let K denote the Gauss curvature of Σ. From the Gauss equation and the fact that Σ is minimal we have
First we assume that Σ has index 1. Let h ≥ 0 be a first eigenfunction of the index form of Σ. By Lemma 5.1 there exists a conformal map f :
] such that Σ f h dµ = 0. Since Σ has index 1 and the component functions f i of f are orthogonal to h, we have
Summing over i, and using Since η is orthogonal to ∂N and ∂N is weakly convex we get
.
it follows
From this we obtain i) g + k ≤ 3 if g is even, ii) g + k ≤ 4 if g is odd.
Part (ii) R ≥ 0 and ∂N is weakly mean convex.
Adding (5.1) and (5.2), we have (5.7)
Inserting (5.7) into (5.3), we obtain (5.8)
Then using the nonnegative scalar curvature assumption and (5.6), we get −2π(2 − 2g − k) < 8π g + 3 2 + ∂Σ ∇ ν ν, η ds + ∂Σ ∇ T T, η ds.
Since ∂N is weakly mean convex we obtain g + k 2 − 1 < 2 g + 3 2 . From this we obtain i) k ≤ 5 if g is even, ii) k ≤ 7 if g is odd.
We now assume that Σ is stable; that is, I(f, f ) ≥ 0 for all f ∈ W 1,2 (Σ). Taking f to be a constant function, we obtain Σ (R 33 + |A| 2 ) dµ ≤ ∂Σ ∇ ν ν, η ds.
Using (5.7) we get
By (5.6) we get (5.9)
Then since R ≥ 0 and ∂N is weakly mean convex, we get
Therefore the only possibilities for (g, k) are (0, 1) or (0, 2) and Σ must be a disk or a cylinder. If Σ is a cylinder, from the above we must have R = 0 and |A| 2 = 0 on Σ, and I(1, 1) = 0. Therefore f = 1 satisfies the Jacobi equation ∆f + (Ric(ν) + |A| 2 )f = 0.
This implies Ric(ν) = 0, and then from (5.7), K = 0. So Σ is a totally geodesic flat cylinder.
Part (iii)
We now derive the area estimates.
If Σ has index 1, from (5.8) and (5.6) we get
and so
If Σ is stable, from (5.9) we get
Then (g, k) has to be (0, 1) and Σ is a disk. Therefore,
This completes the proof of Theorem 1.2.
Remark. Let N be a compact orientable 3-manifold with boundary ∂N = ∅. Theorem 1.1 and 1.2 imply that if there exists a continuous map from a bordered surface with g = 0 and k ≥ 3 or g ≥ 1 and k ≥ 1, satisfying the incompressible assumption in Theorem 1.1, then N admits no metric of nonnegative scalar curvature, for which ∂N is weakly mean convex. In particular, the assumption is satisfied when π 1 (N) contains a subgroup abstractly isomorphic to the fundamental group of a compact orientable surface with g ≥ 1 and k ≥ 1, or g = 0 and k ≥ 3, and π 1 (N, ∂N) = 0. Precisely, the first condition asserts the existence of a compact surface of the same topological type in N, which is incompressible. The second condition can be used to deform each boundary circle of this surface to some loop in ∂N by adding a cylinder to the surface. Thus we obtain a compact orientable surface in N with boundary in ∂N satisfying the incompressible condition.
